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Abstract: Extra dimensions have been used as attempts to explain several phenomena
in particle physics. In this paper we investigate the role of brane-localized kinetic terms
(BLKT) on thin and thick branes with two flat extra dimensions (ED) compactified on the
chiral square, and an abelian gauge field in the bulk. The results for a thin brane have
resemblance with the 5-D case, leading to a tower of massive KK particles whose masses
depend upon the compactification radius and the BLKT parameter. On the other hand, for
the thick brane scenario, there is no solution that satisfy the boundary conditions. Because
of this, the mechanism of suppressed couplings due to ED [1] cannot be extended to 6-D.
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1 Introduction
Extra dimensions (ED) have been considered over the decades as tools to provide explana-
tions for a wide range of issues in particle physics, such as the hierarchy [2–7] and flavor
problems [8–10]. The Standard Model (SM) itself might be extended by employing ED,
in the so-called Universal Extra Dimension model (UED). In this context, the whole SM
content is promoted to fields which propagate in compact ED, having Kaluza-Klein (KK)
excitations, in either one [11] or two ED [12–15]. The zero-mode of each KK tower of states
in 4-D is thus identified with the correspondent SM particle and a lowest KK state can
be a dark matter (DM) candidate. Current results from LHC [16, 17] impose bounds on
the UED compactification radius R for one (R−1 > 1.4 − 1.5 TeV)1 [18–20] or two ED
(R−1 > 900 GeV) [21].
On the other hand, the 4-D gravity might be an emergent phenomenon from ED, as
in the DGP model [22], where the brane-induced term was initially obtained for a massless
spin-2 field. Such a mechanism is possible for a spin-1 field as well, in which a brane-
localized kinetic term (BLKT) is generated on the brane by radiative corrections due to
the interaction of localized matter fields on the brane with the gauge field in the bulk [23],
and it holds for infinite-volume, warped and compact ED. The same mechanism also works
for two ED [24–26] and the role of such a term has been investigated in several different
scenarios [27–34]. The localization of matter fields in branes was studied in other contexts,
for thin [5, 35] and thick branes [36, 37].
ED can also be employed in order to elucidate the nature of the DM and its possible
interaction with the SM. Usually, a DM candidate may couple with the SM through a
scalar mediator (or directly through Higgs if DM is a scalar field), via the so-called Higgs
1For ΛR ∼ 5− 35, where Λ is the cutoff scale.
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portal [38–61], or through a vector mediator, which is introduced by a kinetic-mixing term
[62–75]. In both cases, much of the parameter space has been excluded by a diverse set
of experiments and observations [71, 76–112]. The small value of both couplings constants
may be explained if we consider a single, flat ED and a thick brane with BLKT spread
inside it [1], where inside the ‘fat’ brane the SM fields behaves as in the UED model with
one ED.
An obvious generalization of this previous work then would be investigate the possi-
bility of suppressed couplings, along with the presence of BLKT on thin branes, for higher
dimensional spacetimes. In this paper we investigate this possibility in 6-D, which is a nat-
ural extension since UED has been built for two ED as well. Alongside with this aim, we
consider BLKT on thin branes, leading to results that can be compared with the 5-D case
[27]. We assume the same compactification of the UED model in 6-D, where the so-called
chiral square was chosen because it is the simplest compactification that leads to chiral
quarks and leptons in 4-D [12]. For simplicity we will only consider an abelian gauge field
in the bulk, although for other fields the results are analogue. The presence of BLKT on
thin branes has a similar result as in the 5-D case, where the masses of the 4-D KK tower
of states are determined by a transcendental equation. A thick brane with a BLKT, on the
other hand, is not allowed by the boundary conditions (BC) at the intersection between the
regions thick brane/bulk. Therefore, the mechanism in 5-D can be consistently extended
for 6-D only for thin branes.
This paper is organized as follows. Sect. 2 reviews the 6-D gauge field without any
BLKT on the chiral square. In Sect. 3 we introduce thin branes with BLKT and analyze
the spectrum of masses while in Sect. 4 a fat brane is considered. Sect. 5 is reserved for
conclusions.
2 Gauge field in the bulk
We will consider two flat and transverse ED (x4 and x5) compactified on the chiral square.
The square has size piR and the adjacent sides are identified (0, y) ∼ (y, 0) and (piR, y) ∼
(y, piR), with y ∈ [0, piR], which means the Lagrangians at those points have the same values
for any field configuration: L(xµ, 0, y) = L(xµ, y, 0) and L(xµ, piR, y) = L(xµ, y, piR).
There is only an abelian gauge field V A, A = 0 − 3, 4, 5 in the bulk and the action is
similar to the one of UED with two ED [12, 13], given by
S =
∫
d4x
∫ piR
0
dx4
∫ piR
0
dx5
(
−1
4
VABV
AB + LGF
)
, (2.1)
where A is the 6-D index and the gauge fixing term has the following form to cancel the
mixing between V4 and V5 with Vµ [13]
LGF = − 1
2ξ
[
∂µV
µ − ξ(∂4V4 + ∂5V5)
]2
, (2.2)
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where ξ is the gauge fixing parameter and we will work in the Feynman gauge (ξ = 1).
After integrating by parts the action (2.1) is written as
S =
∫
d4x
∫ piR
0
dx4
∫ piR
0
dx5
{
− 1
4
VµνV
µν − 1
2ξ
(∂µV
µ)2 +
1
2
[
(∂4Vµ)
2 + (∂5Vµ)
2
]
(2.3)
+
1
2
[
(∂µV4)
2 + (∂µV5)
2 − ξ(∂4V4 + ∂5V 25 )− (∂4V5 − ∂5V4)2
]
+ surface terms
}
.
In the Feynman gauge, the equations of motion for the components of V A are
(− ∂24 − ∂25)VA = 0 , (2.4)
where  ≡ ∂µ∂µ. Furthermore, it is required that the surface terms vanish on the boundary,
in order not to have flow of energy or momentum across it, i.e.∫
d4x
{∫
dx4
[
V5µδV
µ + V45δV4 + (∂µV
µ − ∂4V4 − ∂5V5)δV5
]∣∣∣∣x5=piR
x5=0
+
∫
dx5
[
V4µδV
µ − V45δV5 + (∂µV µ − ∂4V4 − ∂5V5)δV4
]∣∣∣∣x4=piR
x4=0
}
= 0 . (2.5)
Vanishing the surface terms lead to the following BC for Vµ
Vµ(y, 0) = Vµ(0, y) ,
∂4Vµ|(x4,x5)=(y,0) = ∂5Vµ|(x4,x5)=(0,y) , (2.6)
∂5Vµ|(x4,x5)=(y,0) = −∂4Vµ|(x4,x5)=(0,y) ,
and for V4 and V5
V4(y, 0) = V5(0, y) ,
∂4V4|(x4,x5)=(y,0) = ∂5V5|(x4,x5)=(0,y) , (2.7)
∂5V4|(x4,x5)=(y,0) = −∂4V5|(x4,x5)=(0,y) ,
V5(y, 0) = −V4(0, y) ,
∂4V5|(x4,x5)=(y,0) = −∂5V4|(x4,x5)=(0,y) , (2.8)
∂5V5|(x4,x5)=(y,0) = ∂4V4|(x4,x5)=(0,y) ,
for any 0 ≤ y ≤ piR. The same relations exist for the fields at (y, piR) and (piR, y). From
the above relations it is possible to see the transformation law (V4, V5)→ (V5,−V4) satisfied
by the fields under (x4, x5)→ (−x5, x4) [13].
We expand the components of the 6-D gauge field in KK towers of states
Vµ(x
ν , x4, x5) =
∑
j
∑
k
v
(j,k)
0 (x
4, x5)V (j,k)µ (x
ν) , (2.9)
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V4(x
ν , x4, x5) =
∑
j
∑
k
v
(j,k)
4 (x
4, x5)V
(j,k)
4 (x
ν) , (2.10)
V5(x
ν , x4, x5) =
∑
j
∑
k
v
(j,k)
5 (x
4, x5)V
(j,k)
5 (x
ν) , (2.11)
which yields the equation of motion for v(j,k)i (x
4, x5), with i = 0, 4 or 5,
[∂24 + ∂
2
5 + (M
(j,k)
i )
2]v
(j,k)
i (x
4, x5) = 0 , (2.12)
where M (j,k)i are the physical masses of the gauge field Vµ and the scalar fields V4 and V5,
respectively. The solutions for the equation of motion, which satisfy the BC above, and are
normalized through the relation∫ piR
0
dx4
∫ piR
0
dx5 v
(j,k)
i (x
4, x5)v
(j′,k′)
i (x
4, x5) = δj,j′δk,k′ , (2.13)
are given by
v
(j,k)
0 (x
4, x5) =
1
piR
[
cos(mjx
4 +mkx
5)± cos(mkx4 −mjx5)
]
, (2.14)
v
(j,k)
4 (x
4, x5) =
√
2
piR
sin
(jx4 + kx5
R
)
, (2.15)
v
(j,k)
5 (x
4, x5) = −
√
2
piR
sin
(kx4 − jx5
R
)
, (2.16)
where j and k are integers and the parameters mj and mk are mj = j/R and mk = k/R,
for the + sign in Eq. (2.14) or mj = (j + 1/2)/R and mk = (k + 1/2)/R for the − sign.
The physical masses of the scalar fields are (M (j,k)4,5 )
2 = (j2 + k2)/R2 while for the tower of
states of the 4-D vector field they are given by
(M
(j,k)
0 )
2 = m2j +m
2
k , (2.17)
Unlike the 5-D case, where the new scalar field, which is the extra component of the vector
field, can be gauged away, in 6-D there is an additional degree of freedom that remains.
This fact is explicitly seen if one works in the unitary gauge, where only one of the two
linear combinations of the the scalar fields V4 and V5 is eaten by the vector boson V
(j,k)
µ
[13].
3 BLKT on thin branes
Applying the same ideas of the last section, we will now consider the effect of BLKT on
branes localized at the points (0, 0), (piR, piR) and (piR, 0) ∼ (0, piR). We should recall that
preserving KK parity implies that operators at (0, 0) and (piR, piR) are identical.
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3.1 BLKT at (0,0)
We will first analyze the change in the wave-function due to the presence of a BLKT term
on a brane localized at (0, 0).2 The localized kinetic term is four-dimensional for distances
shorter than R, and it is given by [23, 25]
LBLKT =
[
−1
4
VµνV
µν − 1
2ξ
(∂µV
µ)2
]
· δAR2 δ(x4, x5) , (3.1)
where we conveniently added a gauge-fixing term. After expanding the 6-D gauge field into
a tower of KK states, the equation of motion for the wave-function v(j,k)0 (x
4, x5) has the
same structure of the 5-D case[
∂24 + ∂
2
5 +M
2
j,k +M
2
j,kδAR
2δ(x4, x5)
]
v
(j,k)
0 (x
4, x5) = 0 , (3.2)
where we relabeled M (j,k)0 ≡Mj,k.
The 4-D Lagrangian is found integrating the wave-function over the ED. The resulting
Lagrangian has diagonal terms
L4 =
∑
j,k
[
− 1
4
Z(j,k)V
(j,k)
µν V
µν
(j,k) + Z(j,k)M
2
j,kV
(j,k)
µ V
µ
(j,k)
]
, (3.3)
where Z(j,k) is a normalization factor, if the wave-function satisfies the relations∫ piR
0
dx4
∫ piR
0
dx5
[
1 + δAR
2δ(x4, x5)
]
v
(j,k)
0 v
(j′,k′)
0 = Z(j,k)δj,j′δk,k′ ,∫ piR
0
dx4
∫ piR
0
dx5
[
∂4v
(j,k)
0 ∂4v
(j′,k′)
0 + ∂5v
(j,k)
0 ∂5v
(j′,k′)
0
]
= Z(j,k)M
2
j,kδj,j′δk,k′ . (3.4)
The normalization factor for a delta-function at the origin is
Z(j,k) = 1 + δAR
2v
(j,k)
0 (0, 0) , (3.5)
and the gauge field in 4-D becomes canonically normalized after dividing it by Z−1/2(j,k) .
Due to the presence of a BLKT the surface terms are no longer zero. The non-trivial
solution (δA 6= 0) for the Eq. (3.2) is
v
(j,k)
0 (x
4, x5) =Aj,k
[
cos(mjx
4) cos(mkx
5) + cos(mkx
4) cos(mjx
5)
]
+Bj,k
[
sin(mjx
4) sin(mkx
5) + sin(mkx
4) sin(mjx
5)
]
. (3.6)
The solution above no longer satisfy the last BC in Eq. (2.6). Eq. (2.14) is recovered if
Aj,k = −Bj,k and sin(mkx4) sin(mjx5) is replaced by − sin(mkx4) sin(mjx5). The coeffi-
cients Aj,k and Bj,k are found requiring the familiar conditions of continuity of the function
and discontinuity of its derivative at (0, 0). Similar to the case of a delta-function in 1-D, we
2As explained in [25] the propagator of the 6-D gauge field is found after a regularization procedure.
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integrate the equation of motion (3.2) over x4 and x5, from (0−, 0−) to (0+, 0+). Performing
a replacement of dummy variables we get∫ 0+
0−
dy
[
∂4v
(j,k)
0 (x
4, y)|x4=0+x4=0−+∂5v(j,k)0 (y, x5)|x
5=0+
x5=0−
− ∂4v(j,k)0 (x4, y)|x
4=0+
x4=0−−∂5v(j,k)0 (y, x5)|x
5=0+
x5=0−
]
= −M2j,kδAR2v(j,k)0 (0, 0) , (3.7)
where v(j,k)0 is the wave-function for x
4, x5 > 0 and v(j,k)0 is the wave-function for x
4, x5 < 0.
Terms with crossed coordinates such as ∼ v(j,k)0 (0+, 0−) are zero. Using Eqs. (3.7) and
(2.17) we get the wave-function due to a two-dimensional delta-function source
v
(j,k)
0 (x
4, x5) =Nj,k
[
cos(mjx
4) cos(mkx
5) + cos(mkx
4) cos(mjx
5)
− δA
2
xjxk
(
sin(mjx
4) sin(mkx
5) + sin(mkx
4) sin(mjx
5)
)]
, (3.8)
where mj = xj/R, mk = xk/R and Nj,k is the normalization constant defined through Eq.
(2.13), which gives
N−2j,k =
pi2R2
2
{
1 +
δA
4pi2
cos2(pixj)
[
1 + cos2(pixk)
]
+
sin(2pixk)
2pixk
+
1
4
δ2Ax
2
jx
2
k
− δA
2pi
[
xk cos
2(pixj) cot(pixk) + xj cot(pixj) cos
2(pixk)
]
− xjxk sin(2pixj) sin(2pixk)
pi2(x2j − x2k)2
+
4x2k cos
2(pixj) csc
2(pixk)
pi2(x2j − x2k)2
+
4x2j csc
2(pixj) cos
2(pixk)
pi2(x2j − x2k)2
}
. (3.9)
As in the 5-D case [33], the transcendental equation that determines the roots xj and xk is
found requiring the Dirichlet BC v(j,k)0 (piR, piR) = 0, whose solutions depend only upon δA
cot(pixj) cot(pixk) =
δA
2
xjxk . (3.10)
Eq. (3.10) has an evident resemblance to the root equation in 5-D (cot(pixn) = δAxn/2)
[33]. Since only one equation (3.10) determines both roots xj and xk, it is expected the
existence of a continuous set of values xj and xk that satisfies Eq. (3.10). The solutions of
Eq. (3.10) are shown in Fig. 1, for δA = 1, while different values of δA are plotted in Fig.
2.
From Fig. 1 we see that there are (2n+1) quantized masses for each curve n, where we
labeled n as being each one of the dashed lines. Each mode is described by the segments
in the dashed lines, i.e., at n = 0 (first dashed line) there is one mode M0,0, a massive
zero-mode, the second dashed line (n = 1) has three quantized masses M0,1 M1,0 and M1,1
(being the first two degenerate), and so on. The segments in the middle of each dashed line
are the levels corresponding to Mj,j and since the curves are symmetric under reflection
over the line xj = xk, the masses Mj,k and Mk,j are degenerate. These features are the
usual behavior of quantum systems in two dimensions. Although there is a continuous set
of values (xj , xk) in each segment, the whole set represent only one (mass) state, being
narrow the range of each state. In Table 1 it is presented the masses Mj,k for the first
three curves of Fig. 1. The masses correspondent to each KK level are either increased or
decreased in an alternated pattern, when the parameter δA is increased, as seen in Fig. 2.
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(j, k) Mj,kR
(0, 0) 0.5− 0.6
(1, 1) 0.9− 1.1
(0, 1) 1.1− 1.5
(1, 0) 1.1− 1.5
(2, 2) 1.8
(0, 2) 1.8− 2.1
(1, 2) 2.1− 2.5
(2, 0) 1.8− 2.1
(2, 1) 2.1− 2.5
Table 1. Mass range Mj,kR =
√
x2j + x
2
k for the first three curves plotted in Fig. 1.
0 1 2 3 4
0
1
2
3
4
xj
x
k
Figure 1. Solutions of the transcendental equation (3.10) until xj ∼ xk ∼ 3 for δA = 1.
3.2 BLKT at (0,0) and (piR, piR)
We consider now branes localized at (0, 0) and (piR, piR) with BLKT on them. For the sake
of completeness we add the following term in the Lagrangian
LBLKT = −1
4
VµνV
µν · [δAR2 δ(x4, x5) + δBR2 δ(x4 − piR, x5 − piR)] , (3.11)
where δA is not necessarily equal to δB. The equation of motion (3.2) is modified by an
extra term proportional to δB. The normalization factor has now the following terms
Z(j,k) = 1 + δAR
2v
(j,k)
0 (0, 0) + δBR
2v
(j,k)
0 (piR, piR) . (3.12)
The wave-function is equal to Eq. (3.8) for x4, x5 ≤ piR, and the transcendental equation is
found through the non-continuity of the derivative of the wave-function, whose expression
is similar to (3.7). The quantized masses are therefore found through the transcendental
– 7 –
Figure 2. Solutions of the transcendental equation (3.10) for different values of δA.
Figure 3. Solutions of the transcendental equation (3.13) for different values of δA and two values
of δB .
equation (
1 +
δAδB
4
x2jx
2
k
)
cot(xjpi) cot(xkpi) =
xjxk
2
(δA + δB) , (3.13)
which is reduced to Eq. (3.10) when δB = 0. This root equation is also similar to the one
in the 5-D case [27]. The solutions of Eq. (3.13) are depicted in Fig. 3. For lower (higher)
values of δB the larger (smaller) roots start having the same value, roughly independent of
δA. The case δA = δB preserves KK-parity and the roots are presented in Fig. 4. Their
values are similar to the case δB = 0.
– 8 –
Figure 4. Solutions of the transcendental equation (3.13) for different values of δA, when δA = δB .
3.3 BLKT at (0, piR)
Since the points (0, piR) and (piR, 0) are identified it is suficient to consider only one case.
We will consider now the BLKT inside a brane localized at (0, piR), whose Lagrangian is
LBLKT = −1
4
VµνV
µν · δAR2 δ(x4, x5 − piR) . (3.14)
Similar to the previous cases, the normalization constant becomes
Z(j,k) = 1 + δAR
2v
(j,k)
0 (0, piR) . (3.15)
The solution for the equation of motion with a delta function source at (0, piR), satisfying
similar BC as Eq. (3.7), is
v
(j,k)
0 (x
4, x5) = Nj,k
[
cos(mjx
4 +mkx
5) + cos(mkx
4 −mjx5)
+ sin(mjx
4 +mkx
5) + sin(mkx
4 −mjx5)
]
, (3.16)
where
N−2j,k = 2pi
2R2
{
1 +
1
pi2(x2j − x2k)
+
sin2(pixj) sin(2pixk)
2pi2xjxk
+
cos(2pixk)− sin(2pixj)
pi2(x2j − x2k)
+
2 cos(pixk)
pi2(x2j − x2k)
[
sin(pixj)− cos(pixj)
]}
. (3.17)
The dependence of δA appears in the transcendental equation, which is identical to Eq.
(3.10), thus having the same solutions for the pair of roots (xj , xk).
4 BLKT on a thick brane
We consider now the effect of a BLKT on the thick brane, lying between pir < x4, x5 ≤ piR,
with a width pi(R− r) ≡ piL. The BLKT with gauge fixing term is [23, 25]
LTB =
[
−1
4
VµνV
µν − 1
2ξ
(∂µV
µ)2
]
· δAR2 θ(x4, x5) , (4.1)
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where the step function is non-zero only inside the thick brane, i.e.
θ(x4, x5) = α2 for pir < x4, x5 ≤ piR , θ(x4, x5) = 0 for x4, x5 < pir . (4.2)
The equation of motion for the wave-function inside the thick brane is now[
∂24 + ∂
2
5 + (M
(j,k)
0 )
2 + (M
(j,k)
0 )
2δAα
2R2
]
v
(j,k)
0 (x
4, x5) = 0 . (4.3)
Similar to the 5-D case [1], we may define an effective mass asM (j,k)0 ≡M (j,k)0
√
1 + δAα2R2,
thus the presence of the step-function changes the mass term in the equation of motion
for V (j,k)µ inside the thick brane. It has the same structure of Eq. (2.12), but with the
replacement M (j,k)0 →M
(j,k)
0 [1]. Defining the effective mass parameters as
mj ≡ mj
√
1 + δAα2R2 , mk ≡ mk
√
1 + δAα2R2 , (4.4)
the wave-function inside the thick brane v(j,k)0 (x
4, x5) has also the same structure of Eq.
(2.14). The wave-function outside the thick brane is
v
(j,k)
0 (x
4, x5) = A
(j,k)
1
[
cos(mjx
4 +mkx
5)± cos(mkx4 −mjx5)
]
, (4.5)
while inside the thick brane the wave-function is
v
(j,k)
0 (x
4, x5) = A
(j,k)
2
[
cos(mjx
4 +mkx
5)± cos(mkx4 −mjx5)
]
, (4.6)
where A(j,k)1 and A
(j,k)
2 are coefficients to be determined.
Both wave-functions have this form in order to satisfy the BC (2.6). The mass pa-
rameters, however, should be either mi = mi = i/R (+) or mi = mi = (i + 1/2)/R (−),
for i = j, k, in order to satisfy the same BC. This is only possible if δAα = 0. Even if
we assume that the fields no longer need to satisfy all previous BC, the situation remains
the same by the following reason. The wave-function should be continuous at (y, pir) and
(pir, y), as well as its derivative with respect to both ED coordinates x4 and x5. Thus
v
(j,k)
0 (pir, y) = v
(j,k)
0 (pir, y) and ∂4v
(j,k)
0 |(x4,x5)=(pir,y)= ∂4v(j,k)0 |(x4,x5)=(pir,y) (the continuity
conditions at (y, pir) give exactly the same expressions). These conditions can be satisfied
at a point yc on the boundary, but it is not possible to match the functions all along the
boundary, being the only possibilitymi = mi. Therefore the only viable solution is δAα = 0,
which leads to a thin brane.
5 Conclusions
In this paper we have investigated the implications of BLKT on thin and thick branes,
for a model of two ED compactified on the chiral square, when a vector field is present in
the bulk. For thin branes the presence of BLKT gives mass to all modes of the KK tower
of states, being the masses dependent upon the compactification radius and the BLKT
parameter. The roots are roughly the same for branes at different positions, i.e., they
have similar values for branes localized at (0, 0), (0, piR) ∼ (piR, 0) and (piR, piR). The
– 10 –
transcendental equations and other relations resemble the 5-D case. The BLKT on thick
branes, on the other hand, does not provide a non-trivial result δAα 6= 0 due to the BC,
hence the mechanism of suppressed coupling in 5-D [1] cannot be applied in 6-D.
The results presented here works for different fields in the bulk and can be used in
several further proposals, as for instance, in a model of ED with the dark photon as medi-
ator. This model was done in 5-D [33, 34], but an extension might be able with two ED as
well, or even its inclusion in the UED model. In both cases, the BLKT breaks the extra
U(1)D gauge symmetry via BC without adding an extra Higgs-like field, avoiding, in turn,
constraints on the Higgs-portal coupling. Potential signatures for such massive spin-1 KK
particles depend upon the specific model considered but it usually includes missing energy
searches, which might constrain the two parameters in this model.
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